Studies of D and B mesons decays into hadrons have been used to test the standard model in the last fifteen years. A heavy meson decay involves the combined effects of a primary weak vertex and subsequent hadronic final state interactions, which determine the shapes of Dalitz plots. The fact that final products involve light mesons indicates that the QCD vacuum is an active part of the problem. This makes the description of these processes rather involved and, in spite of its importance, phenomenological analyses tend to rely on crude models. Our group produced, some time ago, a schematic calculation of the decay D + → K − π + π + , which provided a reasonable description of data. Its main assumption was the dominance of the weak vectorcurrent, which yields a non-factorizable interaction. Here we refine that calculation by including the correct momentum dependence of the weak vertex and extending the energy ranges of ππ and Kπ subamplitudes present into the problem. These new features make the present treatment more realistic and bring theory closer to data. * patricia@if.usp.br 1
I. MOTIVATION
Non-perturbative QCD calculations are difficult and can only be performed in approximate frameworks. The grouping of quarks into two sets, according to their masses, provides a convenient point of departure for approximations. Quarks u, d, and s can be considered as light and quarks c, b, and t, as heavy, even though the s-quark is not too light and the c-quark is not too heavy. This approach is useful because light quark condensates are active close to the ground state of QCD and give rise to highly collective interactions.
Pions and kaons are the most prominent light quark systems, but data available for elastic Kπ scattering are scarce and decades old. They were obtained from the LASS spectrometer at SLAC [1, 2] , in the range 0.825 < √ s < 1.960 GeV, by isolating one-pion exchanges in the reaction KN → πKN. In the last ten years, information about Kπ interactions was also produced by hadronic decays of D mesons. In particular, data from the E791 and FOCUS collaborations [3, 4] for the reaction D + → K − π + π + allowed the S-wave Kπ sub-amplitude to be extracted continuously from threshold up to the high energy border of the Dalitz plot.
Hope was then raised that these data could improve the description of elastic Kπ scattering.
However, decay data differ significantly from those given by the LASS experiment and this discrepancy motivates our interest in this problem.
The description of the decay D + → K − π + π + must include both the weak c → s vertex and hadronic final state interactions (FSIs), which correspond to strong processes occurring between primary decay and detection. The study of weak vertices departs from the topological structures given by Chao [5] , which implement CKM quark mixing for processes involving a single W . As primary decays occur in the presence of light quark condensates, the direct incorporation of Chao's scheme into calculations is not trivial and one is forced into hadronic descriptions. These include both the use of form factors in weak vertices, as in the work of Bauer, Stich and Wirbel [6] , and the treatment of relativistic final state interactions. High-energy few-body calculations begin to be available now [7] [8] [9] and several works have already employed field theory to FSIs in heavy meson decays [10] [11] [12] [13] [14] [15] [16] [17] .
In this work, the decay D + → K − π + π + is treated by means of chiral effective lagrangians, supplemented by phenomenological form factors. This framework is motivated by the smallness of the u , d , and s masses, when compared with the QCD scale Λ ∼ 1 GeV. The light sector of the theory is therefore not far from the massless limit, which is symmetric under the chiral SU(3) × SU(3) flavour group. In this approach, light condensates arise naturally and pseudoscalar mesons are described as Goldstone bosons. Quark masses are incorporated perturbatively into effective lagrangians [18, 19] , whereas weak interactions are treated as external sources. Chiral perturbation theory was originally designed to describe low-energy interactions, where it yields the most reliable representation of QCD available at present.
Its scope was later enlarged, with the inclusion of resonances as chiral corrections [20] , and the unitary ressummation of diagrams [21] . Suitable coupling schemes also allow the incorporation of heavy mesons [22] .
A similar theoretical framework has already been employed by our group [16] , in an exploratory study of FSIs in D
With the purpose of taming an involved calculation, in that work we made a number of simplifying assumptions. Among them, the weak vertices were taken to be constants, isospin 3/2 and P waves were not included in intermediate Kπ amplitudes, and couplings to either vector mesons or inelastic channels were neglected. In spite of these limitations, that work allowed the identification of leading dynamical mechanisms and gave rise to results which are reasonable for the modulus and good for the phase of the S-wave Kπ sub-amplitude [3, 4] . In this work, we focus on the vector weak amplitude and improve the description of the weak vertex, by including both the correct momentum dependence and better phenomenology for an intermediate ππ subamplitude, and the description of a Kπ subamplitude at higher energies. These new features tend to reduce the gap between theory and experiment.
II. DYNAMICS
We denote by [
which has been extracted by the E791 [3] and FOCUS [4] collaborations. The decay begins with the primary quark transition c → s W + , which is subsequently dressed into hadrons, owing to the surrounding light quark condensate. In the absence of form factors, this structure gives rise to the colour allowed process shown in Fig.1 , where a and b involve an axial current and c contains a vector current. As one of the pions in diagram c is neutral, it does not contribute at tree level. A family of FSIs endows the forward propagating resonance in Fig.1b with a dynamical width [23] . Processes involving resonances have already been considered in Refs. [13, 14, 17] , whereas quasi two-body axial FSIs were discussed Ref. [15] . An important lesson drawn from our previous study [16] is that, for some yet unknown reason, the vector weak amplitude, represented by diagram (c) of Fig.1 , seems to be favoured by data [4] . This amplitude receives no contribution at tree level, since the W + emitted by the c-quark decays into a π + π 0 pair.
Therefore, leading terms in this process necessarily involve loops, which bring imaginary components into the amplitude.
The first non-vanishing contribution to the vector series is given in Fig.3 Fig.3 can be schematically written as
where ℓ is the loop variable and ∆ π and ∆ K are pion and kaon propagators.
The amplitude A 0 is described in App.B. The D → WK vertex includes D * s intermediate states, associated with form factors parametrized in terms of nearest pole dominance [24] and could be a vector or a scalar. The W → ππ form factor is shown in Fig.4 and includes the ρ, with a dynamical width. The bare resonance is treated employing the formalism developed in Ref. [20] and its width is constructed using the P -wave elastic ππ amplitude.
The W → ππ form factor is time-like and its inclusion into the vector series of Fig.2 can, in principle, give rise to final state interactions depending on both ππ and Kπ amplitudes.
With the purpose of keeping complications to a minimum, we consider just ππ interactions which are contiguous to the W and occur to the left of the first Kπ amplitude. 
where G F is the Fermi constant, θ C is the Cabibbo angle, F DK 1
(0) is a coupling constant [24] , the factor √ 2/3 is associated with the transition 
and
The form of these integrals is discussed in App.D.
III. VECTOR FSI SERIES
In the decay D Projecting out the S-wave, we find
where θ i are complex parameters given in table I (App.B). The first order amplitude is obtained by replacing the isospin factor √ 2/3 with −1/3 in eq.(3) and reads
Results for the moduli of A 
IV. RESULTS -S-WAVE
One of the purposes of this work is to understand the role played by the high energy As far as the ππ subsystem is concerned, the data of Hyams et al. [25] are used in a parametrized form, in the whole region of interest, as discussed in App.B. For the sake of producing a contrast, we also show curves corresponding to the low-energy vector-mesondominance approximation, in which the P -wave amplitude is described by just an intermediate ρ-meson, which amounts to using just the first term in eq.(B16). In the case of the Kπ amplitude, data are not available for energies below 0.825 GeV [1] and two alternative extensions are given in App.C. One of them is based on a two-resonance fit, which encompasses both low-and high-energy sectors, whereas in the other one LASS data [1] is used directly, when available, and extrapolated to the threshold region by means of a fit. In the sequence we refer to these versions as fitted and hybrid, respectively. The main difference between them is that the former excludes points around E ∼ 1.7 GeV, shown in Fig.11 , where two-body unitarity is violated.
Inspecting the figures, one learns that the improvement in ππ phenomenology is more im- portant for the modulus, where it influences considerably the curve behaviour and increases significantly the range in energy where the theoretical description proves to be reasonable.
In the case of the phase, effects associated with ππ phenomenology are small and visible only above m 12 > 1.2 GeV. On the other hand, the use of either the fitted or hybrid Kπ amplitudes produces equivalent results, except at the high energy end, where none of them is satisfactory. This seems to indicate missing structures, that could be associated with other
As experimental results for the FOCUS phase [4] include an arbitrary constant, in Fig.7 we also show our main result displaced by −55 0 . One notices an overall good agreement with data, from threshold up to m 12 ∼ 1.4 GeV. As our results were based on the vector series shown in Fig.2 , which does not contain a tree contribution, there are two sources of complex phases in this problem. One of them is that associated with the Kπ amplitude, whereas the other one is less usual and due to the loop including the weak vertex. Our results indicate that the latter is rather important over the whole energy range considered. This shows the relevance of proper three body interactions, which share the initial momentum with all final particles at once.
V. CONCLUSIONS
In this work we calculate the weak vector current contribution to the process considered. In a parallel study, to be presented elsewhere, we found that this feature is also present in the P −wave projection of final-state Kπ subamplitude, which has a non-vanishing phase at threshold.
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Appendix A: kinematics
The momentum of the D-meson is P , whereas those of the outgoing kaon and pions are p 2 , p 1 , and p 3 , respectively. The invariant masses read
and satisfy the constraint
The projection into partial waves for subsystem (12) is performed by going to its center of mass and writing
where θ is the angle between the momenta of the pions. rise to a structure of final interactions depending on both ππ and Kπ amplitudes. For the sake of keeping complications under control, we consider here just ππ interactions which occur to the left of Kπ amplitudes. Therefore, the amplitude for the process Fig.4 and denoted by A 0 , becomes the basic building block in the evaluation of the weak vector series.
We begin by constructing T P 1 ππ , the isospin I = 1, P -wave ππ amplitude. The momenta of the outgoing pions are p + and p 0 , whereas those inside the two-pion loop are q + and q 0 . The total momentum is Q = (p + + p 0 ) = (q + + q 0 ) and the loop integration variable is ℓ = (q + − q − )/2. Assuming that, at low energies, ππ interactions are dominated by a O(q 2 ) contact term supplemented by the O(q 4 ) ρ-pole contribution, the effective lagrangians in
Ref. [20] yield the tree contribution
where F is the pion decay constant and G V describes the ρ ππ coupling. The approximation
MeV yields a more compact structure, given bȳ
For free particles in the center of mass frame, (t−u) = (s−4M 2 π ) cos θ and P -wave projection yields the kernel
The iteration of this kernel by means of intermediate two-pion states produces the unitarized amplitude [21] T P 1
where Ω ππ is a divergent loop function. Therefore, we write it as the sum of an infinite constant Λ ∞ and a regular componentΩ ππ , given by [16] 
where S = 1/2 is the symmetry factor for identical particles. After regularization, one finds
where C ππ is an arbitrary constant. This amplitude is related with phase shifts by
and we fix C ππ by the phase at 90 0 . The I=1 amplitude to be used in the evaluation of A 0 is given by eq.(B6) multiplied by (3 cos θ). It is denoted by T 1 ππ and can be cast in the covariant form
Going back to the decay amplitude A 0 and reading the diagrams in Fig.4 , one finds
where G F is the Fermi constant, θ C is the Cabibbo angle, V µ is the weak vector current.
The regular part of I µν can be related with eq.(B5) and one has [26, 27] 
Using this result into eq.(B9) and recalling that (p + − p 0 ) ν Q ν = 0 for on shell particles, one
The vector current matrix element is written as
and form factors are parametrized in terms of vector and scalar cs nearest poles as[24] The denominator D ρ describes the ρ meson and includes its dynamically generated width.
The function D ρ does not vanish along the real axis, in spite of the bare ρ propagators in Fig.4 . It has a zero in the second Riemann sheet, quite close to the value quoted in Ref. [28] ,
In order to simplify calculations one notes that the ratio m 2 ρ /D ρ in eq.(B11) is related to the P -wave amplitude given by eq.(B4) by
Using the data from Hyams et al. [25] , we fitted this ratio using the structure
with free parameters θ k = θ kR + i θ kI and N k = N kR + i N kI , given in table I.
In Figs. 9 and 10 we display the importance of the inclusion of higher poles in eq. (B16) in extending the agreement with Hyams et. al. [25] data. The expression for A 0 to be used in calculations is obtained by assembling previous results, and one finds This model has been discussed in detail in Ref. [16, 29] and here we just summarize its main features.
For each spin-isospin channel, the unitary amplitude T LI is obtained by ressumming the infinite geometric series
where K LI is a kernel and the functionΩ Kπ , related with the two-meson propagator, is given by [16] Ω
and C LI is a constant. Chiral perturbation theory determines the kernels K LI as the sum of a O(q 2 ) contact term [19] , supplemented by O(q 4 ) corrections, which we assume to be dominated by s-, t-and u-channel resonances [20] . In order to fit LASS data [1] , we also included a higher mass resonance, as described in Ref. [29] .
In the case of the S 1/2 wave (L, I = 0, 1/2), the theoretical kernel is written as 
where F , c d , c m ,c d ,c m , and G V are coupling constants and the CM three-momentum is
Two s-channel resonances are incorporated as sum of Breit-Wigner functions [29] 
The usual inelasticity parameter η , evaluated for S 1/2 data, is shown in Fig.11 . Points for which η > 1 within error bars were discarded in our fit. Both fits for the modulus an phase are given in Fig.12 In Fig.13 we show the real and imaginary components of the amplitude. One notice that values for the real part at threshold are different, namely 24 and 30, and they can be compared with those obtained by ChPT [31] and dispersion relations [30] , respectively T = 21.7 and T = 25.5. These values indicate that the low energy fit is more suitable to describe low energy behaviour. It is worth noting that both real and imaginary components are very 
